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1. Canonical topologies

Definition 1. Let € be a small category and let J be a Grothendieck topology on €. J is called
subcanonical, when all representable presheaves on € are sheaves. J is called canonical, when it is the

largest subcanonical topology.

We will show that the canonical topology does exist on any small category.

2. Effective epimorphic sieves

Definition 2. Let € be a small category and let S be a sieve on C in €. Consider the diagram consisting
of all morphisms ¢ such that f" o ¢ = f for some f, f’ € S. § is called effective epimorphic, when the

morphisms in § form a colimit cone under this diagram.

In other words, a sieve S on C is effective epimorphic if and only if, for any family (xf)yes.c,—c of
morphisms xy: Cy — X such that xp» o ¢ = x; holds for f, f* € § and c: Cy — Cy with f' oc = f, there

exists a unique factorisation x such that x o f = x. In a diagram,

X
T
|
|

X

N

Cr —— Cy

Xyt

a

Definition 3. Let € be a small category and let S be a sieve on C in €. S is called universally effective

epimorphic, when g*S is effective epimorphic for all g: D — C with codomain C.

Clearly a universally effective epimorphic sieve is effective epimorphic.



3. Construction of canonical sheaves

| Theorem 1. Any covering sieve in a subcanonical topology is universally effective epimorphic.

Consider an arbitrary representable presheaf yX: €° — Set on a small category €*!. A matching
family (xf)ses:c,—c regarding yX consists, by definition, of morphisms x;: Cy — X such that x; o ¢’ =
Xfoe forany f € § and ¢’ composable to f. It is equivalent to a family (xf)ses consisting of xs: Cr — X
such that xp o ¢ = xy forany f,f" € § and c: C; — Cy satisfying f” o ¢ = f. The presheaf yX is
a sheaf if and only if there exists a unique amalgamation x: C — X for any covering sieve S and any
matching family (x¢)ses. Since such x satisfies xo f = xy for f € §, this exactly says that S is an effective
epimorphic sieve with x being a colimit factorisation.

After all, any covering sieve S in a subcanonical topology is effective epimorphic. Moreover, for any
g:D — C, g*S is also a covering sieve by the stability axiom of Grothendieck topology, which implies

that g*S is also effective epimorphic. Hence S is universally effective epimorphic.
Theorem 2. For a small category €, a Grothendieck topology J defined by

JC ={S | § is a universally effective epimorphic sieve on C}

is canonical.

By the previous theorem, it suffices to show that J above forms a Grothendieck topology. Obviously
J contains all maximal sieves and satisfies the stability axiom, so it remains to show that J satisfies the
transitivity axiom.

Take a covering sieve S € JC and an arbitrary sieve R on C, and assume that

"seS s*'R e J(doms).

In order to prove that R is universally effective epimorphic, consider for an arbitrary g: D — C the diagram

X

Xf

7N
Df ———— Dy

d

where f, f’ € g*R are an arbitrary pair of morphisms, and d is an arbitrary morphism which makes the

lower triangle commute. We will construct a morphism x: D — X such that x o f = x;.

*I Here y is the covariant Yoneda embedding, namely yX = Hom(-, X).



For a fixed morphism % € g*S: E, — D, consider the diagram

X
T
|
|

Xhok Xhok!

where k, k' € h*g*R and the lower triangle commutes. Since the outer triangle also commutes and A*g*R

is effective epimorphic by the assumption, there exists a unique morphism y,: E;, — X such that
ke h*'g"R yy 0k = Xpor.

Next consider

X
T
1 X
Yh | R4
D
% n
Ey ———— Eyn

where h, i’ € g*S and the lower triangle commutes. Since e o k € h’*g*R for any k € h*g*R,
'k € h*g*R (yh’ © 6) 0k = Xpoeok = Xhok-

By the uniqueness of yj, it implies that y, o e = y;,. Thus the outer triangle in the diagram commutes, so

since g*S is effective epimorphic, there exists a unique morphism x: D — X such that
Vh ® —
€gR xoh=yy.

To show that x satisfies the required condition, take f € g*R: Dy — D and [ € f*g"S: B; — Dy. In the

diagram

X
x,col,[Tyfol
Xfolom X

N

Wm #) Wm/

X folom’

where m,m’ € I" f*¢"R, it is easily shown that y;.; 0 m = Xfojom = Xy o [ o m, which implies that x; o / and
Yo are both factorisations of the cocone formed by the lower triangle in the diagram above. This cocone
is a colimit since /" f*g*R is effective epimorphic, so these two factorisations must coincide. After all, we

obtain

e fg*S xpol=yso.



Then consider the diagram

with [, € f*g*S. Since xo f ol =ys, = xy o[, similarly by the uniqueness of factorisation, x o f = xy.
This finally shows that x is a required morphism.
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